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rors); i.e., there are no stress resultant discontinuities at the
nodes. This is true for the structural system of the example
or for any other system.

Parenthetically, it is worthwhile to mention that the stiff-
ness matrix and the generalized forces of the structural ele-
ments of the example are exact since the third-order poly-
nomial is the exact deflection pattern for a straight flexural
beam element with constant (EI). This is not the case when
approximate deflection patterns are used as, for example, in
the work on shells of revolution by the Massachusetts In-
stitute of Technology group.

Consider the node joining elements 1 and 2 of the example
(Fig. 1) with the stress resultants taken from columns 1 and 2
of the last equation of the Note. The discontinuities in the
bending moments (0.009pl%) and in shear forces (0.014pl) are
exclusively due to computational errors. Theoretically there
should not be such discontinuities since this situation cor-
responds precisely to the satisfaction of the node equilibrium
conditions. The writer worked out this example by a stan-
dard matrix structural analysis FORTRAN program. It was
found that the stress resultants, from each side of the nodes,
agreed with the exact solution with five significant figures.

In conclusion, contrary to the assertion of the Note that
““although this example is too simple to draw general conclu-
sions from . . .,”” it can be conclusively asserted that the
method is an exact one even for shells of revolution. For this
type of structural system the only approximation is due to the
use of approximate deformation functions for the shell ele-
ments. However this does not cause any stress resultant dis-
continuities at the nodes.
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Reply to F. V. Filho

J. A. STRIcKLIN*
Texas A&M University, College Station, Texas

ROFESSOR Filho has studied my technical note in detail
and retained more significant figures in his calculations.
Although the equations used in my technical note! and Ref. 2 of
Professor Filho’s comments are the same, our objectives were
quite different. In particular my objective was to obtain
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the stress resultants after computation of the generalized dis-
placements. My assertion about not being able to draw gen-
eral conclusions from a simple example has been verified by
more recent studies on shells of revolution.? It was found
that my method yields good results when the geometry of the
shell is accurately represented but yields poor results when the
shell is represented by conical segments. Based on this more
recent data we can say that the method is theoretically cor-
rect but sensitive to geometric approximation.

The statement ““since the third order polynomial is the ex-~
act deflection pattern for a straight flexural beam element
with constant (EI),” is not correct.. For example, the exact
deflection pattern for a uniform beam under a uniform loading
is a fourth-order polynomial. Insummary, we used the same
equations to reach different objectives. Otherwise, I believe
the limitation as stated in Ref. 1 should remain.
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Torque on a Satellite in a General
Gravitational Field

RoserT E. RoBERSON*
University of California, San Diego, La Jolla, Calif.

CHLEGEL! has properly pointed out that I was careless
(he was kind enough not to use the word) in an earlier
derivation of the gravitational torque on a satellite in a non-
inverse square field.t He provides a correct development
and, in particular, gives forms for the body components of
torque in the neighborhood of the oblate earth. His results
are expressed partly in terms of body orientation parametrized
by Euler angles, though portions of the equations are simpli-
fied considerably by his leaving them in terms of the direction
cosines, which he denotes by mqg (a,8 = 1,2,3).

In this Note, I would like to give an alternative derivation
which is somewhat more compact and is more straightfor-
ward, in my opinion, in regard to the development of the
torque components from the potential. It leads to a com-
pact matrix form for the result that is more general in several
particulars; a form that also is extremely convenient for the
numerical computation of these torques for the purposes of
digital simulation.

Denote by U(R) the specific potential at the center of mass
of a material system due to the gravitational field in which
it is immersed, R locating this center of mass with respect
to the center of the earth or other central body. Denote by
U(R + p) the specific potential at a nearby point. Integrat-
ing the latter over the material system and using a well~
known expansion from vector analysis, valid when the gradi-~
ent operator is expressed in rectangular coordinates, the spe-
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t Several others have pointed out to me the fallacy of my
original development, and I wish to take this opportunity to
express to them my genuine appreciation.
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cific potential of the entire system can be expressed as
1 1
- — orad-( = -1} Lo Q1
U=UR) + o grad (2 trlE I) grad U 4 1)

Here E is the unit dyadic, I is the inertia dyadic, and the im-
plied derivatives are evaluated at p = 0.

For the moment, we associate an orbit with the material
system purely for the purpose of defining a convenient refer-
ence frame, though this does not impose a restriction on the
generality of the result. Let {£,} be an orthonormal vector
basis, along the outward geocentric vertical through the
center of mass, & normal to the plane of the orbit such that
% is in the forward sense. Let! y* be spatial coordinates
along £, and write grad = £,0/0y". Let {X,} be an ortho-
normal basis embedded in the material system, with respect
to which the inertia tensor has the components I,5. Suppose
that the body frame is related to the & frame by X, = O,g&s.
It is a detail to reduce Eq. (1) to

1 1
U = U(R) + -2;1 (5 tTIﬁ)\H — I)\M> GMG#BU,,B + PN (2)

where U,g = 02U/0y°0y" evaluated at 3 = 0.

To relate changes in the potential function to torques on
the body, one may recognize that if a virtual change in body
orientation is made, the work done on the body in the virtual
displacement is the change in total potential. But it is also
the work done by the external torques. The former can be
written 6U = (0U/00,4)80,4 (not summed) for the variation
of a direction cosine, while the latter is 6U = L,66, with L,
the body components of torque and 80, the virtual rotation
angles about body axes. (Note that these angles are con-
sidered infinitesimal, so there is no resolution problem.)
Moreover, 08,3 = €q\0,560h. This can be shown by a direct
argument, but it is simpler to recognize that it is just an
infinitesimal incremental form of the Euler-Lagrange-Poisson
kinematical equations for rotating frames. Combining these
results, we have

Ly = €0,0,,(0U/00), 3)
Putting Eq. (2) into Eq. (3),
Lo = €xpn\]30,,068U 8 €

Note that U,s was formed using rectangular coordinates y™
If a transformation to a curvelinear set 7 is made, it is
known that

U = U0 @7 /09" (25" /0y°) (5

where U,,. is the covariant derivative with respect to the
§ coordinates. To take maximum advantage of the compac-
tion possible with a matrix formulation, introduce matrices

T = [To] = [07°/04°] U, =[U.]  ®
Then U* = [Uys] = T7U,T and
La = eap)\(IeU*eT))\p (7)

As a special case when body axes are principal axes, the sym-
metry of OU*O7 implies

L= (Is — I,)(OU*OT)3 ©))

with two similar equations by cyclic permutation of indices.§

1 Greek lower case indices have the range 1,2,3 throughout.
The summation convention is followed.

§ Pengelley? gave a very similar result, though in a specialized
form that assumed the derivatives in U* necessarily to be with
respect to rectangular coordinates. The formula was not applied
in that work.
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As an example, suppose that
U= (k/r)l + (C/r)(3sin% — 1)] ©)

as it closely is for the oblate earth, where C = 1Rz*C,., Rg
is the equatorial radius, ¢ is the geocentric latitude, and =
is the magnitude of vector R introduced previously. The
calculation of U* is straightforward, if a bit tedious. Letting
¢ denote the angle from the easterly direction to the satellite
forward direction &, measured positively about &, one obtaing

k 3C .
Un= = & |14+ 5 (5 ss - 1) —
2 cos%p sin% ]} (10a)
U12 = U21 = 3—]:52, COSzd) Sin?f (10b)
U= Uy = — 12::0 sin2¢ sing (10c¢)
k .
Up = — Pl [1 + %g [(5 sin2 — 1) —
2 cosp cos2§']} (10d)
Up = Uy = — 12kC sin2¢ cos{ (10e)
2k 6C .
Up = ) ll + pry (3 sin% — 1)} (10£)

Actually, because of the symmetry of the dominant part of
the field about &, it is convenient to decompose U* as

U* = — %[1—{— %(5sin2¢— 1):‘E+ ZEN))
r T
where E is the 3 X 3 unit matrix and
0 0 0
= % 0 0 0}+ 3—k—56—v M (12)
"lo o0 1 T

with
2 cos2p sin%{  cosp sin2¢ —4 sin2¢ sing
M = | cos?¢p sin2{ 2 cos’p cos?( —4 sin2¢ cost
—4sin2¢ sin{  —4 sin2¢ cos{’ (17 sin’¢ — 5)
(13)
The portion of U* involving E, when substituted into Eq.
(7), gives a null term, and one is left with

Lo = € (IOVOT), (14)

To compare these results with Schlegel’'s, we can put
¢ = 0 so that our ¢ frame corresponds to his triad j, i, —k
(in that order). Recalling that J, = —Csp in the standard
notation for the earth’s potential, and assuming with him
that body axes are principal axes of inertia, we find straight-
forwardly that

)
3k 3kRz% 2
(OVOD)y = ey 055005 — ———Zi ’ [05105:053] M [92{]

623

or

3kRp s
28

4(02053 + Oy01) 8in2¢ + 020:3(17 sin?p — 5)] (15)

With allowance for notational differences, this is precisely his

3k
L, = ey (Is — I2)0x0s — (I3 = Io) (20985 cos’p —
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T,. (Note that his sin28 cos¢ is better restored to direction
cosine form before comparing.) Similarly, it is found that
Ly = his T,, and L; = his —7,, as should be the case be-
cause of different axis orientation conventions.

In summary, Eq. (7) is a convenient matrix form for the
gravitational torque in a completely general field. It reduces
to Schlegel’s under the conditions he assumes, but is some-
what more general in that it does not imply that body axes
are principal axes, and it allows the body orientation to be
measured from a frame with one more degree of rotational
freedom. Furthermore, the body orientation is not tied to
any specific parametrization of the direction cosine matrix.

I fully agree that the magnitude of the torque correction
from oblateness is very small, but I cannot concur with
Schlegel that it yet has been established that it “can be safely
ignored save in high precision studies.” Although I suspect
he is correct, it should be recognized that the oblateness
effect will appear not only as an “external torque” in the
dynamical equations, but also as a parametrix excitation.
Under these conditions it is conceivable that it results in
changes in stability characteristic or response amplitude to
a degree quite unanticipated from its numerical magnitude.
I believe that further studies are required to determine
whether this kind of behavior can arise in situations which are
of practical interest.
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Comment on “Large Deflection of
Rectangular Sandwich Plates”

C. V. Smra*
Georgia Institute of Technology, Atlanta, Ga.

HIS Comment concerns the statement of the boundary
conditions presented by the authors! in their Eq. (3) and
rewritten below in a different form:

atf==x1 U=V=0 W=a=8=0W/0=0
atp==x1 U=V=0 W=a=8=0W/Ry=0

The equations involving U and V represent possible state-
ments of the necessary two boundary conditions for the in-
plane system. The equations involving W, «, 8, and OW/d§
(©W/0n) would then represent four boundary conditions for
the bending. However, plate bending is described by a sixth-
order set of equations, so that there can be just three boundary
conditions on each edge. The extra and incorrect boundary
conditions are the following:

at £ = =1 OW/OE = 0
dW /oy = 0

The stress-strain-displacement relations for transverse shear
are

at 7 = =1

Sz/Gch = Y2 = & ‘l" 0 DW/DE
Sy/Qch = Yyz .3 + 6 bW/bn
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where S, and S, are the transverse shear forces, and v,, and
Yy, are the transverse shear strains. These equations show
that requiring both « and OW /3¢ to. vanish forces zero trans-
verse shear strain at the boundaries £ = =+1. Since the
edge transverse shear strains are not zero for a sandwich
plate, the center deflection will actually be larger than re-
ported by the authors.
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Reply by Author to C. V. Smith

Ju-criy Huang* ;
Tennessee Technological Unwversity, Cookeville, Tenn.

INCE we can always combine a with OW /0§ and 8 with
QW /dn to obtain transverse shear strains, boundary con-
ditions (3) of our Note? are not independent. They are cor-
rect conditions, since the solutions of our Note are given for a
rectangular sandwich plate with rigidly clamped edges. The
conditions characterizing a rigidly clamped edge parallel to
the coordinate-axes are zero deflection and zero slope of the
middle surface along the edge and zero rotation of the cross
section making up the boundary. These requirements cer-
tainly force the transverse shear strain to zero at the boundar-
ies. It can be easily seen by considering the deflection of a
cantilever sandwich beam due to deformation associated with
the shear stress as shown in Fig. 1. Element A, on the neu-
tral axis, which is originally rectangular, changes into a rhom-
bus, but element B near the clamped end remains unchanged.
Hence we can simply assume that the transverse shear strain
equals to zero at the restrained end.

In the early works of Hoff,1? similar boundary conditions
have been used for the bending of a cantilever sandwich beam
and bending of rectangular sandwich plate with edges
clamped. The transverse shear strains vanish at the re-
strained boundaries for both cases.

For the sake of simplicity, we can always relax the bound-
ary conditions to some extent by letting the edge slopes of the
middle surface of the plate be different from zero. Naturally
this assumption will lead to slightly larger center deflection.

<

Fig. 1 Deflection of cantilever sandwich beam.
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